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Eigenvalue Finite Difference Approximations
for Regular and Singular
Sturm-Liouville Problems

By Nabil R. Nassif

Abstract. This paper includes two parts. In the first part, general error estimates for *“stable”
eigenvalue approximations are obtained. These are practical in the sense that they are based
on the discretization error of the difference formula over the eigenspace associated with the
isolated eigenvalue under consideration. Verification of these general estimates are carried out
on two difference schemes: that of Numerov to solve the Schrodinger singular equation and
that of the central difference formula for regular Sturm-Liouville problems. In the second
part, a sufficient condition for obtaining a “stable” difference scheme is derived. Such a
condition (condition (N) of Theorem 2.1) leads to a simple “by hand” verification, when one
selects a difference scheme to compute eigenvalues of a differential operator. This condition is
checked for one- and two-dimensional problems.

Introduction. In this work, we are concerned with eigenvalue-eigenvector ap-
proximation by finite difference methods for differential operators defined on
functions with bounded or unbounded domains. Our results will be illustrated in
particular for the Schrodinger radial operator whose “energy levels” are obtained
numerically using difference schemes. Let

(1.1) Llyl=-"+4q(x)y, 0<x<oo,
and consider the boundary conditions

(1.2) Bly] = ¢p'(0) + dy(0) = 0

and

(1.3) y(x) bounded on (0, 0).

Let x, = ih,0 < i< N, xg=0, X=xy = Nh,withlim, ,, X =lim,_,,N = oo.
Optimal error estimates for difference methods will depend on how X(h) and
N(h) tend to co. For example (see Corollary 2.1), possible choices for X(4) and
N(h) are, respectively, m? and 2™m?, with h = 1/2™.
The Numerov [8] difference scheme consists in finding ¥ = (Y, }o ., <> Ay € R,
such that

(—Y:—l +2Y, - Yi+1)/h2 +(g,-,Y,_, +10g,Y, + g;+1Yi41)/12
= }\h(Yi—l + 10Y; + },i+l)/12’
(1.5) B,,[Y] =0,

(1.4)
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and
(1.6) Yy =0.

B, is the difference approximation to B. The choice of B, should be such that its
discretization error with respect to B has the same order as that of L, with respect
to L. When ¢ = 0, d = 1, the choice of B,, is obvious. When ¢ # 0, and in the case
of Numerov’s scheme, one must extend the eigenfunction y(x) on (-24,0), and use
a difference approximation to y’(0) over the points -24, -k, 0, &, and 24. It can be
verified that, Yy, Y, and Y,, k < 0, can be eliminated, and the system (1.4)—(1.6) is
written in the form

(17) —(Lh[Y])i= Ah[Y;]’ I<i<N-1,

where L,: R¥~1 - RV~L

It is the goal of this paper to present abstract results for the analysis of finite
difference methods for eigenvalue problems. The results are sufficiently general,
relatively simple, and easily applicable to specific difference methods, such as (1.7).
We present stability and convergence estimates involving the “discretization error”
of the difference formula over the eigenspace associated with the eigenvalue under
consideration. Our results are similar to those obtained by Vainikko [13] for
differential operators on bounded domains. The argument used is an adaptation of
one introduced by Vainikko and used repeatedly by Osborn [10] for compact
operators and by Descloux, Nassif and Rappaz [4] for Galerkin approximations to
noncompact operators. It essentially reduces the analysis to that of an algebraic
eigenvalue problem. Furthermore, our estimates are general in the sense that they
can be applied to operators with functions of several variables. We should mention
here results available in the literature. Our results should be compared to the
approach of Stummel [12] which is based on the development of a very general
framework for the analysis of a variety of approximation processes. It has been our
aim to tailor our results to the analysis of difference methods. The results of Kreiss
[7] are intimately related to the regularity of the solution, while Grigorieff’s results
[6] are concerned with compact operators.

The theorems of Part 1 depend directly on “stability conditions” (conditions Al
and A2). In Part 2, we present a general theory based on a condition to be satisfied
by the discretization error of the difference formula (condition (N) of Theorem 2.1)
on the set { f | Lf € H,}, where H,, is a suitable finite element space.

In each part we have considered two applications: the Numerov scheme (1.4)—(1.6)
for the Schrodinger equation and the three-point central difference scheme for
regular Sturm-Liouville problems. '

Two-dimensional problems can also be treated. The verification of condition (N)
for the five-point difference scheme is sketched at the end of Part 2.

Part 1. Convergence Estimates for Isolated Eigenvalues of Finite Multiplicity.

1.1. Definition and Results. Let U be a complex Banach space with norm | - | and
{U,}, a sequence of finite-dimensional spaces with norms | - |,. Consider also linear
operators L: U —» U with D(LYc U, L,: U, - U,, r,: U— U,. For u € D(L),
we define the discretization error associated with u as

e,(u) =r,Lu — L,ryu € U,.
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Let o(L) be the spectrum of L and let A € 6(L) be an isolated eigenvalue of finite
algebraic multiplicity m. Let A be a closed disk with center A and boundary I" such
that ANo(L)={A}. Let A,,,..., A, . be eigenvalues of L,, repeated accord-
ing to their algebraic multiplicities and contained in A. We assume that the sequence
{L,}, is such that
(A1) 3¢, > 0, such that Ve, 0 < & < gy, 3h such that VA, h < hy,
o(L,) Nn{z|]lz = A|<e}

contains exactly m eigenvalues (repeated according to their multiplicities) of L,.
Denote these by A, 1,..., A, .

For an operator D, R,(D) = (z — D) ! denotes the resolvent operator. We also
assume:

(A2) VK, compact sets C {(L), the resolvent set of L, 3h,> 0, such that
Vh < hy, K € {(L,), the resolvent set of L,; furthermore, 3¢ independent of h such
that |R,(L,)|, < ¢,Vh <hy,,Vz € K.

For u, € U,, X, and Y, subspaces of U, let

8,(uy, Z,) = inf |u, = z,],,
z,€2Z,

8,(Y,,Z,) = sup [8h(yh’ Zh)]’
Y€ Y
[¥ula=1

: 8h(Yh» z,) = max[8h(Yh» Z,),8,(Z,, Yh)]'

E = 2mi) Y R,(L)dz is the spectral projector of L relative to A, and for A small
enough

F,= (2wi)“erz(Lh)dz

is the spectral projector of L, relative to {A,;}, 1 <i<m. E(U) and F,(U,) are,
respectively, the m-dimensional invariant subspaces of L and L, corresponding,
respectively, to A and {A, ;|1 < i< m}.

Finally, consider the mapping rf = r,| ;) E(U) - U, and let E, = r,E(U).
We assume:

(A3) For h small enough: dim(E,) = m;
furthermore, r,f: E(U) — E, is a bijection with

-1 -1
|rf v, = sup |rul, < e, l(’hE) 'U y= Sup |(’hE) “hls €2s
ue E(U) A u, €E,
|u]=1 luply=1

with ¢,, ¢, constants independent of A.
REMARK 1.1. Note that the assumption on r, is only local, i.e., uniform bounded-
ness must be satisfied on the invariant subspace E(U) only.
Finally, let us introduce the quantity
Yy = sup |r,Lu— L,rul,,

ue E(U)
|u|=1

and assume
(A4) lim, _, ,y, = 0.
We now state our results.
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THEOREM 1.1. There exists a constant c, independent of h, such that

(Fh(Uh) "hE(U)) Yh-

Eigenvalue estimates are based on the following preliminary argument used by
Osborn [10] in a different context.

Introduce the operator Ay = Fyrl gy E(U ) = F,(U,). We shall prove that A,
is a bijection. Letting L = L| Ew) and L,, = A3L,A,, one can see that these
operators can be considered in E(U), with L havmg the eigenvalue A of algebraic
multiplicity m, and L, the eigenvalues A haseos N

THEOREM 1.2. Under the assumptions (A1)-(A3), there exists a constant c indepen-
dent of h such that

1L - lA‘hlE(U) S Y-
By the choice of basis in E(U), Theorem 1.2 reduces our original task to a pure
matrix problem.

Let f be a holomorphic function defined in the neighborhood of A. Writing (L),
f(L ,») in terms of Dunford integrals, one verifies that

|f(L) f(Lh)lE(U) C|L Lh|E(U)

Using the classical properties of traces and determinants, one obtains Theorem
1.3a, b; Theorem 1.3c, d is a direct application of results quoted in Wilkinson [14,
pp. 80-81]. Here, « is the ascent of the eigenvalue A of L and B the number of
Jordan blocks of the canonical form of L.

THEOREM 1.3. There exists a constant c independent of h such that for h small
enough,

@ [fA) = (L/m)E, f (A, )| < evs

(®) [/™(A) = ITL f(A4 DI < Yo

(C) In"‘lxlgz<m|A - }‘h,,l < C(Yh)l/a,

(d) minlgzsml}‘ - Ah,il < C(Yh)ﬁ/m-

1.2. Proofs. To obtain the above results, we need the following lemmas; throughout,
¢ is a generic constant. (A2) leads to

LEMMA 1.1. There exists hy > O such that |F,|, < ¢, Vh < h,.

Proof. One has for u, € U, |u,|, =1,

Fyu, = E%T‘l‘fr R, (L,)uyd,,
and by using (A2), with K replaced by T', one obtains,
|F, |, < meas(I‘) O
LEMMA 1.2. There holds

sup |r,Eu — F,ryul, < cy,.
ue E(U)
Jul=1
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Proof. We write
1
r,Eu — Fyru = —2—7?1-]. [r,R,(L) = R,(L,)r,]udz.
T

Now use the following identities,
ZGT: thz(L) - Rz(Lh)rh = Rz(Lh)[(z - Lh)rh - rh(z - L)] Rz(L)
= R.(L,)[rL — Lyr,]R.(L),
to get

r,Eu — F,r,u =f (27i) ' R,(L)[rL — L,r,]R,(L)ud:.
T
Clearly, since R,(L)u € E(U), and using (A2) with K replaced by (T'), this implies
IriBu = Fyryuly < (1727) [ 1R.(Ly) lyens |R.(L) |luldz,

which proves the result. O
Using assumption (A3) and Lemma 1.2, one easily deduces

LeEMMA 1.3. One has
8,(rE(U), F(U))) < cvy.
We omit also the proof of the following elementary result.

LEMMA 1.4. Let Y, and Z, be two subspaces of U, with the same finite dimension.
Let P,: Y, — Z, be a linear operator such that

1Py =yl < Syl vy €U,
Then P, is a bijection and |P;'z| < 2|z|, z € Z,. Furthermore,
sup |Ph_12 - Z|h <2 sup [P,y =y,

z€Z, VveY,
lzln=1 [yln=1

Proof of Theorem 1.1. Let 8, = F, | g: E, - F,(U,) (recall E, = r,E(U)); for h
small enough, E, and F,(U,) have the same finite dimension m; on the other hand,
(A4) implies lim, _,,y, = 0. Using Lemmas 1.2 and 1.4, 8, exists for & small
enough and is such that

(1.8) sup |6,y < c.
vyeF,(Uy)
|Yala=1
Furthermore,

-1
sup |6;'y = y|, < ev
yEF,(Uy)
[Yln=1

ie., 8,(F,(U,),r,E(U) <cy, O
Proof of Theorem 1.2. Note that
L—L,=L—-AM,A,= AN, L— AN,
and for u € E(U), using A, =6, =0,rf and A7} = (rf)7(8,)"", we have for
u € E(U) such that |u| = 1,
Lu=Lyu=N}NA,Lu— L,A,ul.
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From (A3) and (1.8) one sees that |Lu — L,u| < ¢|A,Lu — L,A,u|,. Note that
L,A,=L,F,r,=F,L,r,,sothat A,Lu — L,A,u= F,r,Lu — F,L,r,u. Using the
uniform boundedness of F, on U,, we obtain immediately our result. 0O

Remark 1.2. Note that the estimates depend solely on the discretization error of
the difference scheme over the invariant subspace, i.e., v,.

Remark 1.3. In the selfadjoint case, since « = 1 and B = m, note from Theorem
1.3(b) and (c) that every eigenvalue A, , converges to A with the same rate. This can
be checked by a simple algebraic manipulation which we omit here (see [5)).

1.3. Application to Numerov’s Scheme for the Schrodinger Operator. We let
U = L*0, w0); U, = RV~!; on g(x) we make the following assumption:

(1) g€ C*(0,00) N C[0,00],g >0 asx— oo,
Q) (2) o= infg(x)<0. M= e la(x)1,

(3) ¢ Lipschitz continuous on (0, o).

In case of ¢ = 0, d = 1 in (1.2), there exists an infinite sequence { A, }, of isolated
eigenvalues of multiplicity 1 such that for all k, « <A, <0, with lim, , A, = 0.
Furthermore, each corresponding eigenfunction has exactly k — 1 positive zeros and
tends exponentially to zero as x — oo. The eigenfunctions are in C*(0, o).
For f € U, set |f| = (J¢* |f(x)|?dx}!/?, and for f, € U, fy = { f,.},» set

N-1 )2
= { Zf]

Under the assumptions (Q)(1)-(Q)(3), (Al) and (A2) will be verified in the second
part of the paper. We turn now to the verification of (A3). For that purpose,
introduce H, = {y € C(0, X)|¢y(0)=¢(X)=0, ¢ linear on (x,_,,x,), i=
1,..., N}. Note that H, is isomorphic to U,. Furthermore, if ¢, = {{(x,)|1 < i <
N — 1}, then there exist two constants c;, ¢, independent of 4 such that

(1.9) el aly <l¥l< eyl VY€ U,

Also, for a function f€ C(0,0) with f(0)=0, let I,f € H, be its interpolant
satisfying (1, f)(x,)=f(x,),1<i< N -1
We now prove the following

LeEMMA 1.4. Let E, be the invariant subspace corresponding to the eigenvalue A,
1 < k. Then under the assumptions (Q)(1)—(Q)(2), there exists a sequence {¢€,} such
that lim, _, y&, = 0 and

If = Lfl<e&lfl f€ E.

Proof. We prove the assertion with |f| = 1. Choose /4 sufficiently small so that
the interval (0, X — &) includes the k — 1 zeros of every eigenfunction; thus, on
(X — h, ), f(x), and consequently /, f, keeps a constant sign.

We have the trivial inequality

=0 P [ G =P+ 27 ()] e
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As f(x) decays exponentially to zero, A is also chosen so that on (X — h, 00),
|f(x)] < ¢ exp(-d,x), ¢, and d, depending on f and E, only. Since f is C*, it is
well known that

([ U -mnera)” <a{ [Treora)”

with ¢ independent of 4 and X. Furthermore, since

f"(x) +q(x)f(x) = A f(x),  0<x<oo,
one obtains, using (Q)(2),
1/

([ 1700 -t <ol + ],

Turning to the second term, 2/ , |f(x)|*dx, it is bounded by §, =
2(c}/d,)exp{-2d,(X — h)}. Letting &7 = max{3§,, c?h*(|]A,| + M)?}, we conclude
the result. O

If we write now f, = r, f = { f(x;)}, 1 < i < N — 1, we have the following

LEMMA 1.5. Let E, be the invariant subspace corresponding to the eigenvalue X,
1 < k. Let also E, , = r,E,, and r,f: E, - E, ,. Then for h small enough, E, , and
rE satisfy condition (A3).

Proof. From the identity f, = r,f = r,I,,f, and (1.9), we have

(1.10) el fuly <UL flI< el fu -

Thus, for |f| = 1, using Lemma 1.3, we may write

el fuln <ILLISIfIHf = LIS + g,

thus giving |rf lu.u, < €1- As h is chosen so that (0, X) includes the k — 1 zeros of
every eigenfunction, one concludes that r/ is bijective and dim(E, ,) = 1.

Finally, consider f, € U, such that |f,|, =1, and f € E, such that f, = rff;
from |f| < |I,f| +|f— L,f| < |I,f| + €, f|, one concludes for A sufficiently small
(as g, — 0) that (1 — ¢,)|f| < |I, f|- Using again (1.10), one obtains

I(rhE)_l'Uh.U < Cy- O

We turn finally to the estimation of the discretization error over the subspace E,,
Yr = SUPse £, 17 =11" Lf — Lyryf1,- We have the following

LEMMA 1.6. Let E, be the invariant subspace corresponding to the eigenvalue A,
k > 1. Under the assumptions (Q)(1)-(Q)(3), and assuming q’, q”, q'"', ¢ are
bounded on (0, o), the following inequality is valid for h sufficiently small:

1 < 304(C, + 2] (X)) ).
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Proof. We take f such that |f| = 1. Let 0, = r,Lf — L,r,f € RV~ Let also R,
be the linear transformation in RY !, represented by the tridiagonal matrix

10 1
0
1
10 .

1

12
10 1

0
1 10

Note that
(R,0,), = ( 1+ 10f7 +fi::1)/12 +(fici = 2fi + fix) /R
+6i.N—1(fH(X)/12_f(X)/hz)’ 1<ig<N-1,

where §, , is the Kronecker delta. The assumptions on ¢ permit the use of the Taylor
expansion to obtain

(Ry0,), = E(l)—hf[f:H (x - xi)sf(ﬁ)(x)dx + /):H (x - xi)sf(6)(x)dx]

1
+ —

- '/.‘xji+l (x _ xi)3f(6)(x)dx + ‘/)':"—1 (_x — xi)3f(6)(X)dx]
+8(/ON)/12 = F(X)/0)

and

i i—1

(Ryoy), < e~ [{ [ 7o) |2dx}1/2 H{[ 1o |2dx}1/2l

+8, vl (X)) /12 = f(X) /R (e=17.7%1073).
This implies
N-1 ,]1/2 ¥ 5 12
{ Y hl(R,0,),l ] < 2eh“(f0 | FO(x)] dx) +Vh|f(X)/12 = f(X)/h?].
i=1

Consider now the equation —f"(x) + g(x)f(x) = A, f(x); multiplication by f and
integration from 0 to oo yields

[T ramacs [Tt a=a " 120 dx,

and therefore |f’|> < M,|f|?, where M, = SUP, e 0.00y|A % — g(x)]. Successive differ-
entiation of the above equation allows us to obtain | /)| < 4,|f], 2 <j < 6. Since
|| = 1, one obtains for 4 sufficiently small

N1 N
{ > h|(Rys,),] } < 2eh4s + 20732 f(X) |,
i=1

IR0l < 2h4(eA6 +h B2 f(X) |)

From |R,0,|, > 3|0,|, one obtains the result. O
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From the above, one clearly deduces

COROLLARY 1.1. There exist choices for h, X(h) such that for the system (1.1)—(1.3)
Numerov’s scheme yields a discretization error of order O(h*) over E,, the invariant
subspace corresponding to the eigenvalue A .

Proof. Since |f(x)| < ¢ exp(—d,x) for x sufficiently large, any choice for which
X(h) = O(h™™), m > 0, will make h~'*?|f(X)| bounded as » — 0. For example,
h=1/n, X(h)=n, N(h)=n? is a trivial choice. A more practical one for
computer use is & = 1/2m, X(h) = m', i > 1, N(h) = 2"m’, which also yields the
required result.

Remark. In the last choice, note that if one uses i = 1, then h™3/2|f(X)| > o as
h— 0.

We state finally a last theorem based on Theorems 1.1 and 1.2.

THEOREM 1.3. Under the assumptions of Lemma 1.6, for every isolated eigenvalue
Ay, k =1, with multiplicity 1 of the operator L in (1.1)—(1.3), the Numerov scheme
yields a sequence of operators L,: R¥N~' — RN~1, and a sequence of isolated eigenval-
ues A, of L,, with the same multiplicity as X, such that for some choices of
{h, X(h)} one has

N = Apal < ch?, 84 (rnExs Fyp) < ch*.
(F, , in R¥~! is the invariant subspace corresponding to A, ,.)

1.4. Application to Regular Sturm-Liowville Problems. Consider the eigenvalue
problem

d d
(1.11) ‘E[q(x)d—i]+s(x)y=}\p(x)y, a<x<b,
y(a) =y(b) =0,
where
(C1) p,q and s are continuous and positive on [a, b].

It is well known [9] that under the assumption (C1) there exists an increasing
sequence of eigenvalues A; <A, < --- <A, < --- that approach oo, each having
multiplicity 1. The eigenfunction corresponding to A, has exactly n — 1 zeros in the
open interval (a, b).

Furthermore, we assume sufficient regularity on p, g and s, so that y € C*%(a, b);
for example,

(C2) q € C*(a,b); p,s € C?(a,b).
Consider a partition x = a + ih, 0 < i < N, with Nh = b — a, and a discretiza-
tion of (1.11) based on the central difference formula,

8h/2)’(x) = (y(x + h/2) —y(x - h/2))/h,
(1.12) ~8,,2(48, pY) + Y, =N, pY,,  0<i<N,
(1.13) Y,=Y,=0.
To abide by our original notation, L and L, are defined by
Ly = (—(q(x)y") +s5(x)y)/p(x),
(L,Y), = (_6h/2(qi8h/2Yt) + Sin)/Pu 0<i<N,

where Y € RV,



570 NABIL R. NASSIF

As in Subsection 1.3, we let U = L%(a, b), U, = R¥~1, with respective norms

, 1,2 N—1 1/2
l={ [ x)Pas} and |Y|h={Zth} . yEU.YeU,
a i=1

(A1) and (A2) will be verified in the second part of this paper. The verification of
(A3) is similar to that of the Numerov scheme in Subsection 1.3, i.e., one introduces
the subspace H, = {¢ € C(a,b)|{y(a)=¢(b)=0, ¢ linear on (x;,x,.;), i =
0,..., N — 1}, and obtains analogues of Lemmas 1.4 and 1.5 in the newly intro-
duced norms.

Let finally A, be an isolated eigenvalue of L, with E, its invariant subspace, and
Yh = SUPse £, f1=1"Lf — Lyryf1,- The estimation of v, is based on the formula

8h/2(qi8h/ZYi) = (g(x)y'(x)) + ;_h/XHVZ (x - xi)z(qyl)mdx

Xi—1,2
q; 2 [Xi+1
(114 " —6;;2// (x - xi+1/2)3y(4)(x) dx
+ i-1p2 ij (x = x,_1,) y®(x)dx + LIS (gp") dx
6h2 X1 =172 24 Xi—1/2 ’

which allows us to prove

LEMMA 1.7. Let E, be the invariant subspace corresponding to the eigenvalue A,
k > 1. Then under the assumption (C2), the following inequality is valid:

h2 ’ 1112 - 2 n’ I2 1/2
s = Lynfl < (@) P+ 21O @) re b

with p = inf, p(x) and g = sup,|q(x)|.

Proof. We take f € E, such that |f|=1. Let o, = r,Lf — L,r,f € R¥~1. Note
that

Opi= (‘(‘I(x)f'(x));q, + 8h/2(qi8h/2fi))/pi’ 0<i<N.

Using (1.14), one bounds o, ; as follows:

1,2
1 _ Xit1/2 )
pilonil < Sﬁhz 1/2{[ [(af)”| dx}

Xi—1,2
div1/2 Xit 2 12
2y I/Z{jx. o)) dx}
‘I,'—1/2h2_1/2 { x; I
ek f@(x) dx}
48y7 f | |

+

h2_1/2 it YL
[y Pas).

Xi-1,2
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Thus, if § = sup, ¢ (,, ;,)Iq(x)l and p = inf, ¢ (, 4 P(x),

2 i+1/2 . qh” 2p* pxin @
pihlo, I’ h/ i) Fax + T2 s (x)[ dx

Vi f gy ax,

Xi—1,2

and therefore

Z h|o,”| < _(SOKQf)ml + 2016|f(4)| + 576|(qu) | )

which proves our lemma. O
To obtain final eigenvalue-eigenvector estimates, we note first that, when multiply-
ing (1.11) by y(x) and integrating by parts from a to b,

b , b b
f q(x)f 2dx+/ s(x)fzdx=}\kf p(x)f*dx, fe€E,
whicn yieias

L2 2 2
(1.15) arf<( sw [Nep=sl)if = misl

xX€(a,b)

where g is inf, . , ,)|g|. Using again (1.11), one bounds |(¢f’)'| and |f”| in terms of
| f1; specifically,

(1.16) |(¢f’)| < M|f| (M defined as in (1.15)),
wn s

p M+q'\/¥)|f| (ti'= Sgplq’(X)l)-

Successive differentiation allows us to bound f ", @, and (gf’Y” in terms of |f],
which, together with Lemma 1.7, gives v, < ch?, and hence the following theorem.

THEOREM 1.4. Let E, be the invariant subspace associated with A, an eigenvalue of
the regular Sturm-Liouville operator defined in (1.11). Then under the assumption
(C2), the three-point central difference formula (1.12)—(1.13) yields a sequence of
eigenvalues N, , with corresponding eigenspaces E, , C RN~ such that for all h,

A = Apul < ch?, 3,,(r,,Ek,Fk‘,,)<ch2.

Part 2. A Sufficient Condition for Stability.

2.1. Definition and Results. In this part we show that conditions (Al) and (A2)
follow from an analysis of the discretization error of the difference formula over a
suitable subspace. Specifically, consider the system (1.1)—(1.3), whose eigenvalues are
approximated using a difference method such as the Numerov scheme, and define
the sequence of operators { L}, by

(2.1) Lyy=-y"+4q(x)y, 0<x<X,
(2.2) ¢y’(0) + dy(0) = 0,
(2.3) y(X)=0

Note that (1.7) discretizes (1.1)—(1.3) as well as (2.1)—(2.3).
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In (1.2) we considered without loss of generality the case ¢ = 0. Let H, = {{ €
C(0, X)|¢ linear in (x;,x,,1), 0<i<N—1,¢(0)=¢(X)=0}. Let y >0 be
such that (-o0,0) € {(Ly + v), the resolvent set of L, + v; for every ¢ € H,, let
z = Ay € C*0, X) be uniquely defined by

(Ly+7v)z=9y, 2(0)=2z(X)=0.

As in Part 1, we introduce the notations

w , 12
e, Ifl={[" 11 ax}
1,2
e o). 1= {IsF+177) "

Also between RV~! and H, we consider the mappings 7,: H, > R"~! and p,:
RN~! > H,, where, if {w, (x)}, is the usual “hat” functions basis in H,, and
c€ RV Y =p,c=2New, (x),and ¢ = r,y.

We may therefore consider the discrete norms on H, or RN-L

N-1 21/2
veHn, |¢|h={zh|<r,,¢>,.|} ,
i=1

) 2172

veH, lvli={lvh+vI} .

| - |, shall be used without distinction on H, and RV~!. One proves the existence of
two constants c¢;, ¢, independent of A such that

(2.4) oldl <l¥lh<aldl, ol <l <aldl.
Furthermore, one has naturally |¢|, < |[{||,, V¥ € H,. Note that (1.7) as a general
difference scheme can be easily transformed to a mapping in H,, by considering the
mapping p,L,r,: H, — H,.

Our main result is as follows.

THEOREM 2.1. Assume the difference operator L, is selected for the numerical
approximation of the spectrum of L. If L, and L satisfy the condition
(N) lim sup |r,Lyz— L,r,z|, =0,
h—0 veH,

flwll=1
z=Axy

then L, satisfies properties (A1), (A2).

To prove this theorem, we need to introduce additional notations. Let

N—1
[v.0]h= Y h(r¥),(rné), ($:complex conjugate),
i=1

(¥, 6), /0" V(x)$(x) dx +[¢. 6], b € H,.

One then defines the sesquilinear form a, on H, X H, by
a,(¥,9) = [pp(Ly + Y)¥. 0],

and assumes the existence of constants y,, y; > 0 independent of 4 such that

(2.5) a, (0, 9) > Yol Wl lau(s,9) [ < vllolal ¥l
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This allows the use of the Lax-Milgram theorem to define the sequence of operators
{B,},: H, > H, by the relation a,(B,{, ¢) = [{, ¢],, V¥, ¢ € H,. Note also that
(2.6) | By, < cl¥ln, VY € H, (c independent of &).

The analysis of the spectrum of L,: R¥~! — RN~ is equivalent to the analysis of
the spectrum of B,: H, — H,. For condition (Al), this is straightforward; condition

(A2) is obtained below using || - ||,, but the following lemma shows that this implies
(A2)in |- |,.

LEMMA 2.1. For h sufficiently small, z # —y and z € {(L,) if and only if z; =
1/(z +v) € {(Ly). Furthermore, (B, — z)¥|l, > coll¥ll,, V¥ € H, (¢, indepen-
dent of h) implies (L, — 2)f|, = ¢|f |4, Vf € RN~ (c independent of h).

Proof. The first part of this lemma can easily be seen from the identity

[(puLyry — 20)¥,9], = (2 + v)a,((z, = B,)¥.9), Ve, € H,.
As for the second part, note that for f € RN"!, p, f = ¢ € H,, one has
(L= 2)fu = ¢sufl [(PuLars — 2)¥, 014 > sup [a,((B, = 2)¥,9)].
€ H,

dEH,
[¥lp=1 [lp=1

Taking ¢ = (B, — z,)¥/((B,, — z,)¥|,, and using (2.5), we get

I(Ly=2)f 1= volz + YII(B, ~ Zl)‘p“i/l(Bh = 21) ¢,
One then has

I(Ly = 2)f1h = volz + ¥II(By = 20)¥[ls = Yocol 2 + Il lla-
Using (2.4), one obtains the result. O
The proof of Theorem 2.1 is based on a perturbation theory result.

THEOREM 2.2. Let A}, A2: H, — H, be such that

(P) ;1_13) ‘Lsup [(4} - 42) ] = o.

l¥li=1
Then A}, satisfies (A1) and (A2) if and only if A3 satisfies (Al) and (A2).

Proof. Assume A}, satisfies (A1) and (A2).

(i) To show that A2 satisfies (A2), assume there exists { 4,} and, correspondingly,
Y, €H,, |l¥ll=1 such that lim,, _,0||(A,, — w)y,]| = 0. Note

[, = w)o ]| <[(45, = 43 )] + (42 = n)v].

Thus, lim,, _, o[[(4}, — p)¥|| = 0 and p & {(4)}, ), which contradicts (A2) for 4.

(i) For (A1), let A be an isolated eigenvalue of finite algebraic multiplicity m, and
A a disc centered at A, with boundary I" such that for all A sufficiently small, A
contains m eigenvalues of A}, (repeated according to their multiplicities) converging
to X; E, = (27i)™'fr R,(4},) dz is the spectral projector corresponding to A4), and
E)(H,), its invariant subspace. Similarly, E? = (27i)~!/ R,(A2) dz, and one notes
that
(2.7) m} sup. ”(E,, E2)y] =o.

II\PII
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This can be seen from the identity
E} - B2 = i) [ R(4,)(4 — 4 R.(43) dz.
T

Using the first part of the theorem and (P), one obtains (2.7). Consider now the
mapping E} = E}| g n,: Er(H,) = E;(H,). For € H, such that ||| = 1, one
has from (2.7) that lim,_ o||¢ — EAy|| = 0, which obviously shows that for A
sufficiently small, E? is injective. Hence dim(E}(H,)) < dim(E}(H,)). A similar
argument on E; = E} | p2n,,: EF(H,) = Ep(H,) shows that dim(E;(H,)) <
dim(E}(H,)), and therefore dim( E}(H,)) = dim(E}(H,)). O

2.2. Proof of Theorem 2.1. To obtain Theorem 2.1, we now relate the “difference
operator” B, to the interpolation operator C, = I,A x| p,. This is done in

LEMMA 2.2. The difference approximation B, and the “interpolatory” approximation

I, A x| , satisfy the inequality
(B, — I,Ax)¥|l < c|r,Lyz — Lyryzl, (cindependent of h).

Proof. To obtain the result, let e, = B,y — I,Axy. With z = A, consider
o, = r,Lyz — L,r,z, the discretization error associated with z, which can be written
as r,(Ly — 2a)z — (L, — 2a)r,z. Clearly, from o, € R¥~! one writes

[pion-01h=[Para(Ly - 2a)z, 9], —[Pu(Ly - 2a)r,2, ] 4,
and therefore, using z = A,y and the definition of B,
[v.¢1n — aw(paraz. @) = [Pson. 014, ay (B — LAxy,9) = [ P04, ¢ 14

Letting ¢ = e, and using inequalities (2.4), one obtains the result. O
Hence, if the discretization error is such that
(N) lim sup |r,Lyz — Lyr,z|, =0,
h—0 VveH,
[Il=1
z=Axy

then B, and C, satisfy property (P), demonstrating clearly that Theorem 2.1 is a
consequence of Theorem 2.2 and Lemma 2.2. The analysis of the convergence of
o(L,) depends on a well-known result of approximation theory.

LEMMA 2.3. Assume q satisfies (Q)(2) (see Part 1); then

l4x¥ = I, Axdllx < chly|.
Here c is a constant independent of h and X. (|| - || x here is the H*(0, X )-norm.)

Proof. One knows that ||4 y¢ — I, 4 x{|| x is bounded by
X P
ch [f |z7(x)| dx] , with ¢ independent of 4 and X.
0

Furthermore, using trivial energy inequalities directly related to the equation -z +
q(x)z = Y(x), one finds

[Frfa)” <cona [Mera)”
0 0

which yields the result. O
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2.3. Corollaries for Bounded and Unbounded Domains. For bounded domains
X = a, note that A, = A; L, = L. o(A) includes only isolated eigenvalues of finite
algebraic multiplicity. Furthermore, 4 is compact in L?(0, ). In this case, Lemma
2.3 yields

(2.8) (4 = Cvll < enrlell.  veH,

Moreover, H, is dense in H'(0, a); together with (2.8), this is sufficient, according
to Descloux, Nassif and Rappaz [4], to have o(C,) satisfy (Al) and (A2). This
immediately yields

COROLLARY 2.1. Assume a difference operator L, is chosen to compute the eigenval-
ues of a differential operator L defined by Ly = —y"” + q(x)y, 0 <x < a, y(0)=
y(a) = 0; then a sufficient condition for o(L,) to satisfy properties (Al) and (A2) is
that

lim sup |r,Lz — L,r,z|, = 0.
h—0 veH,
llvll=1
z=Ay
Furthermore, property (Al) is satisfied for every isolated eigenvalue of L.

For unbounded domains, our findings are based on Galerkin finite element
approximation. Define first 7: H'(0, o) — H,, the a-projector, by the relation

a(f’ ‘P) = a(ﬂhf"l")’ V‘P = Hh'
Then
A, =mA|,: H, > H,

is the Galerkin approximation.
The following lemma is fundamental.

LEMMA 2.4. The Galerkin approximation A, = m,A|, and the interpolatory ap-
proximation C, = I, A x| satisfy property (P).

Proof. From the relation
a((4, - CY.¢) = a,(Ayy — L,Axd,0), VY, ¢ € H),
one obtains
”(Ah - Ch)‘l’” < C”AX‘P - I;Ax‘l’”)r

Lemma 2.3 yields our results. [
As a consequence one obtains

COROLLARY 2.2. Consider the difference operator L, used to compute the eigenvalues
of the operator L defined by
Ly=—"+4q(x)y, 0<x<o0,y(0)=0, ybounded.
If L, is chosen such that
lim sup |r,Lyz— L,r,z|, =0,
h=0 yen,

[hli=1
z=Axy
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then L, satisfies (A1) and (A2).whenever the Galerkin approximation G, = A;' — vy
satisfies (Al) and (A2).

This corollary enables us to use previous results obtained earlier for Galerkin
approximations. In particular, by use of the Courant principle [2] and the notion of
essential numerical range, Descloux [3] has clearly demonstrated that one obtains
(A1) and (A2) for Galerkin approximations outside the essential numerical range £.
In the particular case where ¢ satisfies (Q)(1)-(Q)(3), £ is exactly the interval
[0,1/v], which forms the continuous spectrum.

Outside such an interval, 4 has only isolated eigenvalues that can be approxi-
mated by the Galerkin method, and therefore by the difference operator L,
satisfying property (N).

2.4. Verification of (N) for Numerov’s Scheme. Using the notations of Lemma 1.6,
wewrite 6, = r,Lyz — L,r,zforz =AY, ¢y € U,.

We consider also the linear transformation in R¥~!, R,, represented by the
tridiagonal matrix

10 1

1

Note that
(Rh"h)i = _(ZIN—I + 10z + Zz”+1)/12
+(Zl-1 _221+21+1)/h27 1 <1<N_1

(R,0,), can be found to have the following expression:

(Ro,), - ;}1—[ [ =y [ - x ) i

Xi-1

L1
12

fxm 2(x) dx — /x' z’“(x)dx].

X -1
This leads to the following

LEMMA 2.5. Assuming "’ € L*(0, X), one has

x 2 12 1 4
R |, <a h{ z'" dt} with oy = — + —.
[Ryoul, < @oh{ [ 12" =t

Proof. Use standard arguments based on energy inequalities. O
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On the basis of Lemma 2.5 one obtains
LEMMA 2.6. Under the assumptions (Q)(1)-(Q)(3) one has

lim sup |r,Lyz— L,r,z|,=0.
h—0 veH,

z=Ayy

llvll=1

Proof. Since -z” + q(x)z = ¢, 0 < x < X, differentiation yields z”’ = ¢’z + gz’
— ¢’. Hence,

{fox lz”’lzdx}l/2 < {_/OX (q’z)zdx}
(v

From (Q)(1)-(Q)(3) one concludes

1/2

+ {_/(;X (g2')° a’x}l/2

127 20,3 < U2l 1200, %) T M2 | 20,3y + ¥/ ] 120, 3

Using standard energy inequalities, one may bound |z|;2( x) and |z'|2(q x, in terms
of Y| ;2. x, Which leads to

P <l
([F1zT ax)

Lemma 2.5 completes the proof, as all the positive eigenvalues of R, are bounded
independently of A. O
This proves

THEOREM 2.2. Under the assumptions (Q)(1)-(Q)(3), the Numerov scheme satisfies
condition (A1) for every isolated eigenvalue of finite multiplicity, and (A2) for every
compact set of the resolvent set {(L).

2.5. Verification of (N) for the Central Difference Operator for the Regular
Sturm-Liouville Operator. For the purpose on hand, we apply Corollary 2.1 to the
difference scheme (1.12)—(1.13) for the approximate solution of (1.11). To complete
our notations, let

reran), 1= {["Irora)”

1/2

feH ab), If1={IfF+1r7)",
N-1 5 1/2
fh ERN_I, ‘fh l;, = { Z h‘fh,l }

Moreover, the definitions of Subsection 2.1 with respect to H, and RY~! are
maintained, and therefore relations (2.4) and (2.5) remain valid. To analyze the
discretization error over the set of solutions z(x) of

~(q(x)2') +s(x)z=p(x)¥(x), a<x<b,

(2.9) z(a) =z(b) =0,
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where ¢ € H,, we use the following argument. Assuming p,s € H'(a, b), q €
H?(a, b) and therefore z € H3(a, b), gz’ € H?(a, b), one writes

’ 1 xeip Y2
81./2(‘1.8;,/22.) = (q(x)z )x=x, + Z/ (x - x,)(q(x)z )" dx
Xi~1,2
1 Xi+1 2
(2.10) + n? [‘L+1/2/x' (x = X,41,2) 2" dx

* 2
_‘].—1/2/ (x — xi—1/2) z"dx .

X -1
If
6,=r,Lz — L,r,z,
then
0,, = —(q(x)z") xex, + 8,,/2(q,8,,/22,), 0<i<N.
Using (2.10), one obtains by standard techniques the following lemma.

LEMMA 2.7. Assuming z € H(a, b), gz’ € H*(a, b), the discretization error of the
difference scheme (1.12)—(1.13) for (2.9) satisfies

h = 177’ 2 A 2 1/2
Ir,Lz — Lyr,z|, < Ejmax{l,q}{ﬂz ["+1(q2')"| }
Again, using energy inequalities, one bounds the right-hand side of Lemma 2.7 in
terms of |||, which leads to

THEOREM 2.3. Under the assumptions of Lemma 2.1, the central difference scheme
for the regular Sturm-Liowville problem satisfies condition (Al) for each eigenvalue,
and (A2) for every compact set of the resolvent set.

2.6. Condition (N) for a 2-dimensional case. Consider the problem of finding the
eigenvalues of the differential operator L defined for a function u(x, y) by

0%u  0%u
2.11 Lu=-Au=-"— -2, ,y) €D,
(2.11) u YT oy (x, )
(2.12) u(x,y)=0, (x,y)€dD,

where
D={(x,y)|0<x<a,0<y<b}.

Define the spaces L*(D) with norm | - | and inner product [-, -], and H'(D) with
norm || - || and inner product (-, -). Let

Hi(D)={¢ € H(D)|¢=00ndD}.
With h = (hy, h,) € (0,1) X (0,1), define the discrete domain
D, = {(x,,»)|x,=ihy, y, = jh,,0 <i<M,0 <j<N,i,jintegers}.

For u, = {u,, Yo<.<mo<,<n define the five-point difference operator -4,
given for u,: D, - R by

(—Ahuh)l.j = (21«[,‘/ —U_1," u:+1.j)/h%
+(2ul,j_u1.j—l—ui,j+1)/h§’ i’jEDh,
(2.14) w,,, =0, i, j€dD,

(2.13)
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(for simplicity we have written u,; ; = u; ;). (2.13) and (2.14) can be reduced to
finding the eigenvalues of the operator L,: RM~! X R¥N~1 — RM~1 x RN~
Let also
H,={¢y,€ H(D) N C(D)|y,=00ndD,

Yp(x,y)=a+bx+cy+dxy,x,y€D, ;,0<i<M,0<j<N},

i,j°
with D, ;= {(x,y) € D|x; < X < X;,1, ), <y < )41} H, is the well-known
piecewise bilinear space.

Note that H, C Hj(D); furthermore, Y € H,, ¥,, € L*(D). On H, consider the
discrete norm | - |, defined by

M—-1N-1 172
|} ,

Whh=1{ X X hh|d,;

i=1 j=1

induced by the discrete inner product
M-1N-1

[V, 0li= X Zhth‘pi,jqbi,j’

i=1 j=1
where
¥ =v(x, ), ¢i.jE¢h(xiaJ’,')§
HY(D)Nn C(D) —» RM~! x RN~! is defined by
(raf)ij=1(x1,9),0<i<M,0<j<N.

Note that |- |, can be considered as a norm on R™~! x RV~! Let g, be the

discretization error, defined for z € C2(D) by
0,(z)=r,Lz — L,r,z.
Our basic result is that L, defined in (2.13), (2.14) satisfies condition (N). This

will imply the stability results (A1)-(A2) for the 5-point difference scheme used to
approximate the frequencies of vibration of the operator —A. This is summarized in

THEOREM 2.4. We have

hm sup |r,Lz — L,r,z|, = 0.
0 yeH,
l¥ll=1
z=Ay

Several preliminary results are needed, which we simply summarize to avoid
technical details.

LEMMA 2.8. There exists a constant ¢ independent of h such that

2 2 2 2 2
|oh|h < C(h12|zxxx| + h%|zyyy| + h%h2|zxxxy| + h%hllzyyyxl )

If z is the solution of ~Az =y € H,, z = 0 on 0D, then using Fourier analysis
one proves that

2 2 2 2
szxxl <|4’xl ’ vvyl <|4) |
2 2
lzxxxyl <|4’xy| ’ Vvyxl |'4/xv| ’

(2.15)
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and by standard calculation on the subspace H, one gets

(2.16) ¥, | < -hc—1|¢y |, cindependent of .

Combining Lemma 2.8 with (2.15) and (2.16), one obtains
LEMMA 2.9. There exists a constant ¢ independent of h such that
IryLz = Lynzly < e + b3+ hy + o )[4
where
-Az=y € H, z=0 onadD.
Consequently, one obtains Theorem 2.4.
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